Linear Autoencoder and PCA Cleaned notes

Linear Autoencoder — PCA

A clean derivation from reconstruction error to eigenvectors

Notation note. The handwritten pages mix row- and column-vector notation in one step. Here the
same derivation is written consistently using column vectors. Thus

2=U'zx <= 2T =2"U.

No conceptual step is changed.
1. Low-dimensional representation
Suppose the data matrix is

X e RPN

with N samples in D dimensions. We approximate it by

U e RP*4, Z € RN, d< D.

where

For one sample,
z e RP, z e RY,

and the reconstruction is Uz.
We constrain the columns of U to be orthonormal:

U'u =1,.

The reconstruction objective for one sample is

min |z —Uz|?.

2. First solve for the code 2z

Expand the squared error:
lz—Uz|? = (x —Uz)" (x — Uz)
—2'z—2'Uz—2"UTe+2"U"U-.
Because U'U = I,
2UTUz=2"2=|2|>.
Also 2" Uz is a scalar, so
2 U= ("Uz)" =2"U=2.
Therefore
lz = Uz|)* = ||z||* + ||2]* = 22" U=.

Differentiate with respect to z:
0
= (Il + 12 — 227 Uz) =22 - 207,

At the minimum,
2z —2U "'z =0,

Why differentiate with respect to z first? For a fixed basis U, the best code z has a simple
closed-form solution. Once that is substituted back, the only remaining unknown is U.

SO
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3. Encoder, decoder, and projection

Substituting the optimal code gives
i=Uz=UU"2.

So the model is a linear autoencoder with tied encoder/decoder weights:
Bl o Bl e
x z z
encode decode

Z=U"X, X=UU"X.

For all samples,

Thus UU T is the orthogonal projector onto the d-dimensional subspace spanned by the columns of U.

The average reconstruction problem is

2

T; — UUT:EZ' subject to UTU = 1.

1 N
min -3 |

1=

4. Reconstruction minimization becomes projection maximization

For an orthogonal projection,
lies in the chosen subspace, while

is perpendicular to that subspace. Hence Pythagoras gives

2| = HUUT:[;H2 + || - UUTJ?H2

For fixed data, ||2||* is constant. Therefore minimizing the reconstruction error is equivalent to maximizing
the length of the projected component:

) T2 T2

mme—UU :CH & maXHUU xH .

U U

Because the columns of U are orthonormal, U preserves the norm of any vector in R%. For any y € R?,
2 T TrrT T 2
1Uyl" = Uy) Uy) =y U Uy=y y=|yl".

Taking y = U 'z,

JovTs]

= o

So the objective becomes

2 ) -
subject to U ' U = 1.

1 &+
m(z}xNZz:lHU T;

Interpretation. Choose an orthonormal d-dimensional subspace that captures as much of the data’s
squared length as possible. This is the PCA objective.
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5. Write the objective using the trace

For one sample,

o7

=UTz)"(UT2)
=z UU z.
A scalar equals its own trace, so
2 UU "z = tr (xTUUTx> .
Using the cyclic property of the trace,
tr(ABCD) = tr(DABC) = tr(CDAB)),

we obtain

tr(:cTUUT:c) = tr(UT$$TU> .

Averaging across samples gives

maxtr(UTCU> ,
U
where
1 & 1
T T
C= ﬁ;xzxz = NXX .
Thus

max tr(UTCU) subject to UTU = 1.

6. Insert the eigendecomposition

Write the eigendecomposition of C' as

C=QAQT,

where
Q € RP*P, Q'Q=1Ip,
and
A= diag()\l, )\2, ey )\D)-
Then
T T
m[z}xtr(U QAQ U) .

Define

W=Q"U (W e RP*4),

Since both @) and the columns of U are orthonormal,
Ww=0"QR'U=U"U=1,.

The objective is now

mmz}xtr(WTAW), WW =1,
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7. Why the largest eigenvectors are selected

First consider only one direction, so d = 1. Then W is a vector w € R”, and

wlw=1.

The objective becomes
w' Aw = Mw? 4+ dows + - - - + Apwh.

Because
2 2 2
wi +wy; + - +wp =1,

the maximum is achieved by placing all the weight on the largest diagonal entry of A. If
Al = max \;,
1
then
w=er =1 0 - 0

Therefore
Qlu=e = u=Qe =q,
so the optimal direction is the eigenvector ¢; associated with the largest eigenvalue.

For d > 1, the columns of W must be orthonormal. The same argument selects the coordinates
corresponding to the d largest eigenvalues. Hence

U=la1a - qd,

where q1, ..., qq are the top d eigenvectors of C.

Final result.

Linear autoencoder + squared reconstruction loss 4+ orthonormal U = PCA subspace.

The encoder computes z = U z, the decoder reconstructs & = Uz = UU "z, and the optimal columns
of U are the principal eigenvectors of the data second-moment matrix C' = XX ' /N.

8. Dimension check

Quantity Shape Role
D x N data matrix
T Dx1 one sample
U D xd orthonormal basis / decoder
z dx1 low-dimensional code
Z dx N codes for all samples
Q DxD eigenvector matrix of C
A DxD diagonal eigenvalue matrix
W=Q'U D xd coordinates of the chosen subspace in the
eigenbasis

Prepared as a cleaned, typed version of the uploaded handwritten notes. The mathematical structure and sequence

of the original notes have been preserved; notation was standardized for readability.



